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 Han’s Conjecture on Permutations
 R . J . C L A R K E
 1 .  I N T R O D U C T I O N
 Let  n  be a positive integer . We will consider statistics on the set of permutations
 u  5  u 1 u 2  ?  ?  ?  u n  of the set [ n ]  5  h 1 ,  .  .  .  ,  n j .  A  biword  is a two-rowed matrix  a  5  ( y u ) such
 that  u  and  y   are permutations (not necessarily of the same set . ) The biword  a  is called
 a  circuit  if  y   is a rearrangement of  u ,  and it is called a circuit on [ n ] if each of  u  and  y   is
 a permutation of [ n ] .  Denote by  C ( n ) the set of all circuits on [ n ] .  If  u  is a permutation ,
 then we denote by  u#   the non-decreasing rearrangement of  u  and by  u˜  the circuit ( u# u ) .
 The statistics ‘des’ , ‘maj’ and ‘exc’ are defined on permutations and on biwords as
 follows . Let  u  and  y   be permutations of [ n ] .  Then
 des S y
 u
 D  5  des  u  5  4 h i  3  1  <  i  ,  n ,  u i  .  u i 1 1 j ;
 maj S y
 u
 D  5  maj  u  5 O  h i  3  1  <  i  ,  n ,  u i  .  u i 1 1 j ;
 exc S y
 u
 D  5  4 h i  3  1  <  i  <  n ,  u i  .  y  i j .
 We define exc  u  5  exc  u˜ .
 It was shown by MacMahon [6 , p . 186] that the statistics ‘des’ and ‘exc’ are
 equidistributed over the symmetric group  S n  ,  i . e . that there is a bijection  F  on  S n  such
 that
 exc  F ( u )  5  des  u
 for all permutations  u  P  S n .  An explicit construction of such a bijection  F ,  the  first
 fundamental transformation ,  is given in [1] and [5 , ch . 10] . Much later , Denert [2]
 defined a statistic ‘den’ such that the pair (exc , den) is euler – mahonnian , i . e . has the
 same distribution as (des , maj) on  S n .  A proof of this in the case of permutations was
 given by Foata and Zeilberger [3] , and , in the case of words with repetitions , by Han
 [4] . (For the definition of ‘den’ , see Section 2 . ) In the course of his proof , Han defined
 what he called  la transposition contextuelle ,  but what we shall call the  Han transposition
 T r .  This is a bijection on  C ( n ) .  Call two circuits  a  and  b  H - equi y  alent ,  written  a  ,  b  ,  if
 one can be obtained from the other by a sequence of Han transpositions . Then Han
 proved [4 , Lemma 5 . 2] that if  a  ,  b  then (exc ,  den) a  5  (exc ,  den) b .  The aim of this
 paper is to prove the converse of this result .
 T HEOREM 1 . 1 .  Let  a  and  b  be circuits on  [ n ] . If  (exc ,  den) a  5  (exc ,  den) b  , then
 a  ,  b .
 Thus the pair ‘exc’ , ‘den’ form a complete set of invariants for the relationship of
 H-equivalence on  C ( n ) .
 Theorem 1 . 1 was conjectured by Han (private communication) .
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 2 .  I N T E R V A L S , ‘den’  A N D H- E Q U I V A L E N C E
 Let  u  5  u 1 u 2  ?  ?  ?  u m  be a word on [ n ] .  If  F  is a subset of [ n ] ,  we denote by  u  >  F  the
 subword of  u  consisting of just those letters of  u  that appear in  F ,  and by  u u  >  F  u  the
 length of this subword .
 If  a ,  b  P  [ n ] ,  the  cyclic inter y  al  b a ,  b b  has been defined in [4] as
 b a ,  b b  5 H ( a ,  b ] ,
 [ n ] \ ( b ,  a ] ,
 if  a  <  b ;
 otherwise .
 Thus  b a ,  a b  5  [ .
 Let  u  5  u 1 u 2  ?  ?  ?  u m  be a permutation . For  i  5  1 ,  .  .  .  ,  m  1  1 ,  let Fact i  u  be the word
 u 1  ?  ?  ?  u i 2 1  .
 Han in [4 , Theorem 2 . 1(i)] , has given the following nice description of ‘maj’ .
 T HEOREM  A .  Let u  5  u 1 u 2  ?  ?  ?  u n  P  S n and put u n 1 1  5  n . Then
 maj  u  5  O n 1 1
 i 5 1
 u Fact i  u  >  b u i  ,  u i 1 1 b u .
 He has also given the following description of ‘den’ , which we shall take to be the
 definition .
 T HEOREM  B .  Let the permutation u  5  u 1 u 2  ?  ?  ?  u n  P  S n ha y  e as non - decreasing
 rearrangement  y  1 y  2  ?  ?  ?  y  n . Then
 den  u  5  O n
 i 5 1
 u Fact i  u  >  b u i  ,  y  i b u .
 Following Han , we define ‘den’ on circuits as follows . Let  u  5  u 1 u 2  ?  ?  ?  u n  and
 y  5  y  1 y  2  ?  ?  ?  y  n  be permutations in  S n .  Then we define
 den S y
 u
 D  5  O n
 i 5 1
 u Fact i  u  >  b u i  ,  y  i b u .
 Finally , for a permutation  u  we define den  u  5  den  u˜  ,  in agreement with Theorem B .
 We now define the Han transpositions  T  and  T r .
 Let  x ,  y ,  a ,  b  P  [ n ] .  Then  a  and  b  are  neighbours  with respect to ( x ,  y ) if  both a  and  b
 are in  b  y ,  x b  or  neither  is in  b  y ,  x b .  Otherwise ,  a  and  b  are  strangers  with respect to
 ( x ,  y ) .
 Now let ( x a
 y
 b ) be a biword of length two . Following [4] , we define the Han
 transposition  T  by
 T S x
 a
 y
 b
 D  5 5 S
 y
 a
 x
 b
 D ,
 S y
 b
 x
 a
 D ,
 if  a  and  b  are  neighbours ;
 if  a  and  b  are  strangers
 with respect to ( x ,  y ) .  If
 a  5 S y
 u
 D  5 S y  1  y  2  ?  ?  ?  y  m
 u 1  u 2  ?  ?  ?  u m
 D
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 is a biword of length  m  and 1  <  r  ,  m ,  we define  T r a  to be the biword obtained when
 the biword
 b  5 S y  r
 u r
 y  r 1 1
 u r 1 1
 D
 consisting of the  r  th and ( r  1  1)st columns of  a  is replaced by  T b  ,  and we also call  T r  a
 Han transposition . It is immediate that  T r  is an involution . As in Section 1 , we define
 biwords  a  and  b  to be H-equivalent ,  a  ,  b  ,  if  b  can be obtained from  a  by a sequence
 of Han transpositions .
 T HEOREM  C  [4 ,  Lemma 5 . 2] .  Let  a  and  b  be circuits on  [ n ] . If  a  ,  b  , then
 (exc ,  den) a  5  (exc ,  den) b .
 A  column  is a biword ( a b ) of length one . Two columns (  a b ) and (  c d ) are said to
 commute  if
 T S a
 b
 c
 d
 D  5 S  c
 d
 a
 b
 D .
 3 .  F A C T O R I Z A T I O N  I N T O C Y C L E S
 A circuit
 a  5 S  y 1  y 2  ?  ?  ?  y m
 x 1  x 2  ?  ?  ?  x m
 D
 is a  cycle  if  y m  5  x 1 and  y i  5  x i 1 1 for  i  5  1 ,  .  .  .  ,  m  2  1 ,  and if , in addition ,  x 1  .  x i  for
 i  5  2 ,  .  .  .  ,  m .  (This has been called a  dominant  cycle in the literature . ) We will write
 this cycle as
 a  5  [ x 1 x 2  ?  ?  ?  x m ]  5  [ w ] ,
 where  w  5  x 1 x 2  ?  ?  ?  x m .  The cycle  a  5  [ x 1 x 2  ?  ?  ?  x m ] is called  strict  if  x i 1 1  ,  x i  for
 i  5  1 ,  .  .  .  ,  m  2  1  and is called a  full  cycle if  x i 1 1  5  x i  2  1 for  i  5  1 ,  .  .  .  ,  m  2  1 .  We use
 the notation  k x 1 l  or  k x 1 l x m  for the full cycle [ x 1 x 2  ?  ?  ?  x m ] .  We say that the circuit  a  on
 [ n ]  is  fully factorized  if  a  is the juxtaposition product of full cycles thus :
 a  5  k c 1 l d 1 k c 2 l d 2  ?  ?  ?  k c r 2 1 l d r 2 1 k c r l d r  ,
 where  c 1  ,  c 2  ,  ?  ?  ?  ,  c r 2 1  ,  c r  5  n , d 1  5  1 and  d i 1 1  5  c i  1  1 for  i  5  1 ,  .  .  .  ,  r  2  1 .  In this
 case we write  a  5  k c 1  ,  .  .  .  ,  c r l .
 For example , the biword
 a  5 S 1  2  3  5  4  6  7
 1  3  2  6  5  4  7
 D
 is fully factorized , as
 a  5  [1][3  2][6  5  4][7]  5  k 1 l 1 k 3 l 2 k 6 l 4 k 7 l 7  5  k 1 ,  3 ,  6 ,  7 l .
 If  a  is H-equivalent to a fully factorized circuit , we say that  a  can be  fully factorized .
 In this section we shall prove the following result .
 T HEOREM 3 . 1 .  E y  ery circuit on  [ n ]  can be fully factorized .
 R EMARK .  In the proof of Theorem 3 . 1 we will refer to circuits , cycles , strict cycles ,
 full cycles and full factorization on  subsets  of [ n ] ,  as well as on [ n ] itself . These are
 defined in the obvious way . In particular , the cycle  a  5  [ x 1 x 2  ?  ?  ?  x m ] on the subset  S  of
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 [ n ] is  full  if , for each  i  5  1 ,  .  .  .  ,  m  2  1 , x i 1 1  ,  x i  and there is no element of  S  in the open
 interval ( x i 1 1  ,  x i ) .
 Our first result follows immediately from the definitions .
 L EMMA 3 . 2 .  If a  ,  b  <  c  ,  d , then the columns  ( a b ) ,  (
 c
 d )  and  (
 d
 a )  commute .
 C OROLLARY 3 . 3 .  All of the columns of a strict cycle commute .
 L EMMA 3 . 4 .  E y  ery cycle is H - equi y  alent to a product of strict cycles .
 P ROOF .  Let  a  5  [ x 1 x 2  ?  ?  ?  x m ] .  We use induction on  m .  If  a  is not strict , then there is
 an  r  with 1  ,  r  <  m  such that  x m  ,  x m 2 1  ,  ?  ?  ?  ,  x r  and  x r 2 1  ,  x r .  Then
 a  5 S x 2
 x 1
 .  .  .
 .  .  .
 x m
 x m 2 1
 x 1
 x m
 D
 , S x 2
 x 1
 .  .  .
 .  .  .
 x r
 x r 2 1
 x 1
 x m
 x r 1 1
 x r
 .  .  .
 .  .  .
 x m
 x m 2 1
 D
 , S x 2
 x 1
 .  .  .
 .  .  .
 x r 2 1
 x r 2 2
 x 1
 x r 2 1
 x r
 x m
 x r 1 1
 x r
 .  .  .
 .  .  .
 x m
 x m 2 1
 D
 ,  [ x 1  ?  ?  ?  x r 2 1 ][ x r  ?  ?  ?  x m ] ,
 by using Lemma 3 . 2 . Now [ x r  ?  ?  ?  x m ] is a strict cycle . By the inductive hypothesis
 applied to [ x 1  ?  ?  ?  x r 2 1 ] ,  the result now follows .
 E X A M P L E .  Let  a  5  [7  5  6  4  3  1  2] .  Then
 a  5 S 5  6  4  3  1  2  7
 7  5  6  4  3  1  2
 D  , S 5  6  4  3  1  7  2
 7  5  6  4  3  1  2
 D
 , S 5  6  4  3  7  1  2
 7  5  6  4  1  3  2
 D
 , S 5  6  4  7  3  1  2
 7  5  6  1  4  3  2
 D
 , S 5  6  7  4  3  1  2
 7  5  1  6  4  3  2
 D
 , S 5  7  6  4  3  1  2
 7  5  1  6  4  3  2
 D
 ,  [7  5][6  4  3  1][2] .
 D E F I N I T I O N .  A  sandwich  is a circuit of the form
 a  5  d 9 g d 0 ,
 where :
 (1)  g  5  [  y 1  y 2  ?  ?  ?  y t ] ,  a strict cycle ;
 (2)  d  9 d  0  ,  [ z 1 z 2  ?  ?  ?  z u ] ,  a strict cycle (this concept is well-defined by Corollary 3 . 3) ;
 (3)  for every column (  a b )  P  d  0 , b  ,  y t ;
 (4)  y 1  ,  z 1 .
 We call  a  an  open  sandwich if  d  0  is empty .
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 We write  z r  5  min h z i  3  z i  .  y t j .
 L EMMA 3 . 5 .  The sandwich
 a  5  d  9 g d  0
 5 S .  .  .
 .  .  .
 b
 z r
 .  .  .
 .  .  .
 D S .  .  .
 .  .  .
 y t
 y t 2 1
 y 1
 y t
 D S .  .  .
 .  .  .
 D
 is H - equi y  alent to the sandwich
 b  5  d  9 1 g  1 d  0 1
 5 S .  .  .
 .  .  .
 y t
 z r
 .  .  .
 .  .  .
 D S .  .  .
 .  .  .
 y 1
 y t 2 1
 D S b
 y t
 .  .  .
 .  .  .
 D .
 Here  u g  1 u  5  u g  u  2  1 ,  u d  0 1 u  5  u d  0 u  1  1 .
 P R O O F .  As the two cycles are strict , we can make the three relevant columns
 adjacent :
 a  , S .  .  .
 .  .  .
 b
 z r
 D S  y t
 y t 2 1
 y 1
 y t
 .  .  .
 .  .  .
 D S  .  .  .
 .  .  .
 D .
 Now apply  T 1 T 2 locally , i . e . to the biword
 S  b
 z r
 y t
 y t 2 1
 y 1
 y t
 D .
 There are three cases to consider :
 (1)  z r  5  z u  , b  5  z 1  .  Then  y t  ,  y t 2 1  ,  y 1  ,  b , y t  ,  z r  ,  b .
 (2)  u  5  r  5  1 , b  5  z 1 .  Thus  y t  ,  y t 2 1  ,  y 1  ,  b  5  z r .
 (3)  b  5  z r 1 1 .  Thus  b  ,  y t  ,  y t 2 1  ,  y 1  , y t  ,  z r .
 In each case we can verify that  T 1 T 2 gives
 S y t
 z r
 y 1
 y t 2 1
 b
 y t
 D .
 Finally , the new columns can be put back , the left-most one into the left-most strict
 cycle of  b  ,  and the right-most two to the right-hand end of the second factor of  b .  (One
 easily checks that these two columns commute with the remaining  t  2  2 columns of  g . )
 L EMMA 3 . 6 .  Let  a  5  d  9 g d 0  be a sandwich in which  u g  u  5  1 , i .e .  g  5  [  y 1 ] , and
 u d  9 d  0 u  .  1 . Suppose that the two occurrences of z r on the first and second rows of  d  9 d  0
 each occur in  d  9 . Then
 a  5 S .  .  .
 .  .  .
 z r
 c
 b
 z r
 .  .  .
 .  .  .
 D S y 1
 y 1
 D S  .  .  .
 .  .  .
 D
 , S .  .  .
 .  .  .
 y 1
 c
 b
 y 1
 .  .  .
 .  .  .
 D S z r
 z r
 D S  .  .  .
 .  .  .
 D .
 The latter circuit is a sandwich unless r  5  1 .
 P ROOF .  This follows by applying  T 2 T 1 T 2 to the relevant three columns .
 We note that the conditions of this lemma are satisfied whenever  t  5  1 and  r  .  1 ,  i . e .
 whenever  y 1  ,  z 2 .
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 L EMMA 3 . 7 .  Let  a  5  d g  be a circuit , where  d  5  [ x 1  ?  ?  ?  x r ]  and  g  5  [  y 1  ?  ?  ?  y t ]  are strict
 cycles with y 1  ,  x 1  . Then  a  is H - equi y  alent to a circuit the bottom row of which has
 right - most entry x 1  .
 P ROOF .  The result is trivial if  r  5  t  5  1 ,  so assume that either  r  .  1 or  t  .  1 .  Clearly ,
 the circuit  a  5  d g  is an open sandwich . By repeatedly applying first Lemma 3 . 5 and
 then Lemma 3 . 6 , we have that  a  is H-equivalent to a sandwich  b  5  d 9 1 g  1 d  0 1  ,  where
 g  1  5  [ w 1 ] ,  d  1  5  [ z 1  ?  ?  ?  z u ] , z 1  5  x 1  , z 2  ,  w 1  ,  z 1 and the column
 S z 2
 z 1
 D  P  d  9 1 .
 But
 S z 2  w 1
 z 1  w 1
 D  , S w 1  z 2
 w 1  z 1
 D .
 The result now follows from Corollary 3 . 3 .  h
 E X A M P L E .  Consider
 a  5 S 6  3  7  4  2  1  5
 7  6  3  5  4  2  1
 D  5  [7  6  3][5  4  2  1] .
 We wish to bring the 7 to the right-hand end of the bottom row .
 Step  1 .
 a  5 S 6  3  7
 7  6  3
 D S 4  2  1  5
 5  4  2  1
 D
 is an open sandwich with  z r  5  3 , b  5  7 ,  so by Lemma 3 . 5 ,
 a  ,  a  1  5 S 6  3  1 7  6  3 D S 4  2  5 5  4  2 D S 7 1 D .
 Step  2 .  a  1 is a sandwich with  z r  5  3 , b  5  1 ,  so by Lemma 3 . 5 ,
 a  1  ,  a  2  5 S 6  3  2 7  6  3 D S 4  5 5  4 D S 1  7 2  1 D .
 Step  3 .  a  2 is a sandwich with  z r  5  6 , b  5  3 ,  so by Lemma 3 . 5 ,
 a  2  ,  a  3  5 S 6  4  2 7  6  3 D S 5 5 D S 3  1  7 4  2  1 D .
 Step  4 .  a  3 is a sandwich with  z r  5  6 , b  5  4 and 6 occurs twice in its left-hand factor ,
 so by Lemma 3 . 6 ,
 a  3  ,  a  4  5 S 5  4  2 7  5  3 D S 6 6 D S 3  1  7 4  2  1 D .
 Step  5 .  The column ( 5 7 ) commutes with the column (
 6
 6 ) and with all the columns of
 the strict cycle [7  5  4  3  2  1] , so
 a  4  , S 4  2  6  3  1  7  5 5  3  6  4  2  1  7 D
 as required .
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 P R O O F  O F T H E O R E M 3 . 1 .  We use induction on  n .  Let  a  be a circuit on [ n ] .
 Step  1 .  We have that  a  ,  b  ,  where  b  is a circuit with right-most column of form (  x n )
 for some  x .
 For by Han’s well known algorithm , [4] ,  a  ,  g  1  ?  ?  ?  g m  ,  where each  g i  is a cycle and
 g m  5  [ x 1  ?  ?  ?  x r ]  with  x 1  5  n .  Apply Lemma 3 . 4 to  g m .  Then  g m  ,  d  1  ?  ?  ?  d k  ,  where each
 d j  is strict . If  d k  involves  n ,  then the result follows from Corollary 3 . 3 . Otherwise , put
 a 9  5  g  1  ?  ?  ?  g m 2 1 d  1  ?  ?  ?  d k 2 1  ,  so that  a  ,  a 9 d k  .  Then  a 9 is a circuit on fewer than  n
 letters and hence can be fully factorized as  ¨  1  ?  ?  ?  ¨  l  ,  where  ¨  l  5  [  y 1  ?  ?  ?  y a ] and  y 1  5  n .
 (Recall the remark after the statement of Theorem 3 . 1) By Lemma 3 . 7 ,  ¨  l d k  is
 H-equivalent to a circuit the right-most column of which is of the form (  x n ) for some  x .
 The result now follows , as  a  ,  ¨  1  ?  ?  ?  ¨  l d k .
 Step  2 .  In Step 1 we can take  x  5  n  2  1 or  x  5  n .
 For let  x  be the largest letter such that
 a  ,  b S x
 n
 D
 for some biword  b .  Suppose that  x  ,  n  2  1 .  Then
 b  ,  g S x  1  1
 y
 D
 for some biword  g .  Now , if  y  ?  x  1  1 ,
 a  ,  g S x  1  1
 y
 x
 n
 D
 , S x
 y
 x  1  1
 n
 D ,
 a contradiction . Hence  y  5  x  1  1 .  Then
 a  ,  g S x  1  1
 x  1  1
 x
 n
 D
 ,  g S x
 n
 x  1  1
 x  1  1
 D .
 Let  z  be the largest letter such that
 a  ,  d S z
 z
 D
 for some biword  d .  If  z  5  n ,  then we are done , so suppose that  z  ,  n .  Now  d  is a circuit
 on fewer than  n  letters , so  d  can be fully factorized . Hence  d  ,  ¨  [ n  ?  ?  ?  m ] ,  where the
 second factor is a strict cycle . Now [ n  ?  ?  ?  m ](  z z ) is an open sandwich with  z  ,  n .  By
 Lemma 3 . 6 , [ n  ?  ?  ?  m ](  z z )  ,  g  ( w w ) for some  w  .  z  and some  g  ,  so  a  ,  ¨  g  ( w w ) ,  a
 contradiction .
 Step  3 .  Case 1 . Suppose that  a  ,  b  ( n n ) .  As  b  is a circuit on  n  2  1 letters ,  b  can be
 fully factorized . Hence so can  a .
 Case 2 .  Suppose that  a  ,  b  ( n  2  1 n  ) .  Then the top row of  b  is a permutation of
 h 1 ,  .  .  .  ,  n  2  2 ,  n j ,  while the bottom row is a permutation of  h 1 ,  .  .  .  ,  n  2  1 j .  Let  g  be the
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 circuit obtained from  b  by replacing the  n  in the top row of  b  by  n  2  1 .  Then  g  can be
 fully factorized :
 g  ,  k c 1  ,  .  .  .  ,  c r 2 1  ,  n  2  1 l  5  k c 1 l  ?  ?  ?  k c r 2 1 lk n  2  1 l ,
 where  k n  2  1 l  5  [ n  2  1  ?  ?  ?  d ] and  d  5  c r 2 1  1  1 .  Now if  x ,  y ,  z  P  h 1 ,  .  .  .  ,  n  2  1 j , x  and  y
 are neighbours with respect to ( z ,  n ) if f  x  and  y  are neighbours with respect to
 ( z ,  n  2  1) .  Hence
 b  ,  k c 1 l  ?  ?  ?  k c r 2 1 l d  ,
 where
 d  5 S n  2  2  .  .  .
 n  2  1  .  .  .
 d
 d  1  1
 n
 d
 D .
 Now
 d S n  2  1
 n
 D  ,  [ n  ?  ?  ?  d ]  5  k n l d .
 Hence
 a  ,  k c 1 l  ?  ?  ?  k c r 2 1 lk n l .  h
 4 .  T H E P R O O F  O F T H E O R E M 1 . 1
 L E M M A 4 . 1 .  Let  a  5  k c 1  ,  .  .  .  ,  c r l  be a fully factorized circuit on  [ n ] . Then
 exc  a  5  des  a  5  n  2  r ,
 den  a  5  maj  a  5  n ( n  1  1) / 2  2  O r
 i 5 1
 c i  .
 P ROOF .  This follows immediately from the definitions of the relevant statistics and
 [4 , Lemma 5 . 5] .  h
 We now prove Theorem 1 . 1 , using induction on  n .  We can clearly assume that  n  .  3 .
 By Theorem 3 . 1 , we may assume that (exc ,  den) a  5  (exc ,  den) b  ,  where
 a  5  k c 0  ,  .  .  .  ,  c r  ,  n l ,  b  5  k d 0  ,  .  .  .  ,  d r  ,  n l .
 (This is a slight change from our previous notation . )
 If  c 0  5  d 0 or  c r  5  d r  ,  the result follows easily from the induction hypothesis . So
 assume that  c 0  ,  d 0  .  Put
 h  5  h ( a  ,  b  )  5  O r
 j 5 0
 u c r  2  d r u .
 We use induction on  h .  Clearly , if  a  ?  b  , h  >  2 .  Now there are  i  and  j  such that  c i  ,  d i  ,
 c i 1 1  >  d i 1 1  , c j  .  d j  and  c j 2 1  <  d j 2 1  .  Hence  c i  1  1  <  d i  ,  d i 1 1  <  c i 1 1 and  c j 2 1  <  d j 2 1  ,  d j  <
 c j  2  1 .  Let  a 9 be the result of replacing  c i  and  c j  in the factorizaton of  a  with  c i  1  1 and
 c j  2  1  respectively . Then  h ( a  ,  a 9 )  5  2 and  h ( a 9 ,  b  )  ,  h ( a  ,  b  ) .  Moreover , if  a  ,  a 9 and
 a 9  ,  b  ,  then  a  ,  b .  Hence it is suf ficient to prove the result in the case  h ( a  ,  b  )  5  2 .  So
 we may assume that  c 0  5  d 0  2  1 , c r  5  d r  1  1 and  c k  5  d k  for  k  5  2 ,  .  .  .  ,  r  2  1 .
 Case  1 .  Suppose that  c r  ,  n  2  1 .  Then  a  ,  a 9 ( n  2  1 n  ) and  b  ,  b 9 ( n  2  1 n  ) for biwords  a 9 
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 and  b 9 .  Let  g  and  d  be the circuits obtained by replacing the  n  in the top rows of  a 9
 and  b 9 respectively with  n  2  1 .  Then
 exc  g  5  exc  a  9  5  exc  a  2  1 ,
 exc  d  5  exc  b 9  5  exc  b  2  1
 and
 den  g  5  den  a  2  ( n  2  1) ,
 den  d  5  den  b  2  ( n  2  1) ,
 as  b n ,  n  2  1 b  5  h 1 ,  .  .  .  ,  n  2  1 j .  Therefore
 (exc ,  den) g  5  (exc ,  den) d .
 Using the induction hypothesis , we have  g  ,  d .  Now , using the same argument as in
 Step 3 of the proof of Theorem 3 . 1 , we obtain  a  ,  b .
 Case  2 .  Suppose that  c 0  .  1 .  Then we argue in a similar way to Case 1 .
 Case  3 .  Suppose that  c 0  5  1 and  c r  5  n  2  1 .  Then  d 0  5  2 and  d r  5  n  2  2 .  As
 c 1  5  d 1  .  d 0  , c 1  >  3 .  Similarly ,  c r 2 1  <  n  2  3 .  Thus
 a  5  k 1 ,  c 1  ,  .  .  .  ,  c r 2 1  ,  n  2  1 ,  n l
 5 S 1
 1
 D k c 1  ,  .  .  .  ,  n  2  1 l S n n D
 and
 b  5  k 2 ,  c 1  ,  .  .  .  ,  c r 2 1  ,  n  2  2 ,  n l
 5 S 1  2
 2  1
 D k c 1  ,  .  .  .  ,  n  2  2 l S n  2  1 n  n n  2  1 D .
 Our aim is to show that  a  is  H -equivalent to a circuit the right-most column of which
 is ( n  2  1 n  ) .
 Consider  g  5  k c 1  ,  .  .  .  ,  c r 2 1  ,  n  2  1 l ,  a circuit on  h 2 ,  .  .  .  ,  n  2  1 j .  Let  e  5  exc  g  5  n  2
 2  2  r , d  5  den  g .  Note that  c 1  >  3 , c r 2 1  <  n  2  3 and  e  <  n  2  3 .  Assuming that  n , r  and
 therefore  e  are fixed , the least value of  d  occurs when
 c 1  5  e  1  1 ,  c 2  5  e  1  2 ,  .  .  .  ,  c r 2 1  5  n  2  3
 and is
 d m  5  1  1  2  1  ?  ?  ?  1  ( e  2  1)  1  ( n  2  3)  5  e ( e  2  1) / 2  1  ( n  2  3) .
 The greatest value of  d  occurs when
 c 1  5  3 ,  c 2  5  4 ,  .  .  .  ,  c r 2 1  5  r  1  1
 and is
 d M  5  1  1  ( n  2  e  2  1)  1  ( n  2  e )  1  ?  ?  ?  1  ( n  2  3)  5  1  1  ( e  2  1)(2 n  2  e  2  4) / 2 .
 Hence  d m  <  d  <  d M .
 We wish to show that there is a circuit
 d  5 S e  1  2
 x e 1 2
 e  1  3
 x e 1 3
 .  .  .
 .  .  .
 n  2  1
 x n 2 1
 e  1  1
 x e 1 1
 e
 x e
 .  .  .
 .  .  .
 3
 x 3
 2
 x 2
 D
 on  h 2 ,  .  .  .  ,  n  2  1 j  with the following properties :
 (i)  (exc ,  den) d  5  ( e ,  d ) ;
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 (ii)  x i  <  i  for  e  1  2  <  i  <  n  2  1 ;
 (iii)  x i  .  i  for 2  <  i  <  e  1  1 ;
 (iv)  there is at least one  i  P  [2 ,  e  1  1] with  x i  5  i  1  1 .
 Let  s  5  x e 1 2 x e 1 3  ?  ?  ?  x n 2 1 and  τ  5  x e 1 1 x e  ?  ?  ?  x 2 and write  d  5  ( s  ,  τ  ) .
 Case A .  Suppose that  e  >  ( n  2  2) / 2 .
 Put  s  0  5  2 ,  3 ,  .  .  .  ,  n  2  e  2  1 and  τ  0  5  e  1  2 , e  1  1 ,  .  .  .  ,  n  2  e , e  1  3 , e  1  4 ,  .  .  .  ,  n  2  1 .
 (For clarity we have separated the letters of  s  0 and  τ  0 by commas . ) Thus
 x i  5 5  n  1  1  2  i , i  1  1 ,
 i  2  e ,
 if  2  <  i  <  n  2  e  2  2 ;
 if  n  2  e  2  1  <  i  <  e  1  1 ;
 if  e  1  2  <  i  <  n  2  1 .
 Then the corresponding circuit  d  0  5  ( s  0  ,  τ  0 ) satisfies conditions (ii) – (iv) , and one can
 calculate that
 den  d  0  5  e ( e  1  1) / 2  <  d m  ,
 since  e  <  n  2  3 .
 Note that  x n 2 e 2 1  5  n  2  e .
 Next , put  s  1  5  n  2  e  2  1 , n  2  e  2  2 ,  .  .  .  ,  3 ,  2 and  τ  1  5  n  2  1 ,  n  2  2 ,  .  .  .  ,  2 n  2  2 e  2  2 ,
 n  2  e ,  2 n  2  2 e  2  3 ,  .  .  .  ,  n  2  e  1  2 ,  n  2  e  1  1 .  Thus
 x i  5 5
 n  2  e  2  1  1  i ,
 n  2  e ,
 n  2  e  2  2  1  i ,
 n  1  1  2  i ,
 if  2  <  i  <  n  2  e  2  2 ;
 if  i  5  n  2  e  2  1 ;
 if  n  2  e  <  i  <  e  1  1 ;
 if  e  1  2  <  i  <  n  2  1 .
 Then the corresponding circuit  d  1  5  ( s  1  ,  τ  1 ) satisfies conditions (ii) – (iv) , and
 den  d  1  5  d M .
 Note that  x n 2 e 2 1  5  n  2  e .
 Now , for each of the above two circuits ,  s  is a permutation of  h 2 ,  3 ,  .  .  .  ,  n  2  e  2  1 j
 and  τ  is a permutation of  h n  2  e ,  n  2  e  1  1 ,  .  .  .  ,  n  2  1 j .  Moreover ,  x n 2 e 2 1  5  n  2  e .  Now ,
 if  d  5  ( s  ,  τ  ) is a circuit satisfying conditions (ii) – (iv) and with  x n 2 e 2 1  5  n  2  e ,  by
 interchanging entries  x i  and  x j  of  s  satisfying either  i  5  j  Ú  1 or  x i  5  x j  Ú  1 we will
 change den  d  by one . Thus , beginning with  d  0  ,  by interchanging entries of  s  we can
 come to  d  9  5  ( s  1  ,  τ  0 ) ,  with each interchange altering den  d  by one . Similarly , by
 interchanging entries of  τ  we can come to  d  1  ,  with each interchange altering den  d  by
 one . Hence we can find a circuit  d  satisfying the required conditions .
 Case B .  Suppose that  e  ,  ( n  2  2) / 2 .
 Put  s  0  5  2 ,  4 ,  5 ,  .  .  .  ,  n  2  e  and  τ  0  5  n  2  e  1  1 ,  n  2  e  1  2 ,  .  .  .  ,  n  2  1 ,  3 .  Thus
 x i  5 5
 3 ,
 n  1  2  2  i ,
 2 ,
 i  2  e  1  1 ,
 if  i  5  2 ;
 if  3  <  i  <  e  1  1 ;
 if  i  5  e  1  2 ;
 if  e  1  3  <  i  <  n  2  1 .
 Then  d  0  5  ( s  0  ,  τ  0 ) satisfies conditions (ii) – (iv) and
 den  d  0  5  d m .
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 Next , put  s  1  5  e  1  2 ,  e  1  3 ,  .  .  .  ,  n  2  e ,  e  1  1 ,  e ,  .  .  .  ,  4 ,  2 and  τ  1  5  n  2  1 ,  n  2
 2 ,  .  .  .  ,  n  1  1  2  e ,  3 .  Thus
 x i  5
 3 ,
 n  2  e  2  2  1  i ,
 i ,
 n  1  2  2  i ,
 2 ,
 if  i  5  2 ;
 if  3  <  i  <  e  1  1 ;
 if  e  1  2  <  i  <  n  2  e ;
 if  n  2  e  1  1  <  i  <  n  2  2 ;
 if  i  5  n  2  1 .
E
 Then  d  1  5  ( s  1  ,  τ  1 ) satisfies conditions (ii) – (iv) and
 den  d  1  5  ( e  2  1)(2 n  2  e  2  4) / 2  1  ( n  2  e  2  2)  >  d M .
 The same argument as in Case A now gives the required result . Note that in this case
 each  s  is a permutation of  h 2 ,  4 ,  5 ,  .  .  .  ,  n  2  e j  and  τ  is a permutation of  h 3 ,  n  1  1  2
 e ,  n  1  2  2  e ,  .  .  .  ,  n  2  1 j ,  and , moreover ,  x 2  5  3 .
 Now suppose that  d  as required has been chosen . Then by the induction hypothesis ,
 g  ,  d .  Thus
 a  , S 1
 1
 e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n  2  1
 x n 2 1
 e  1  1
 x e 1 1
 .  .  .
 .  .  .
 2
 x 2
 n
 n
 D .
 As explained before , we wish to replace the  n  at the right-most end of the top row of  a
 with  n  2  1 .  First , we shall move the  n  past the  n  2  1 on the top row . Now
 S  2
 x 2
 n
 n
 D  , S  n
 x 2
 2
 n
 D ,
 since 2  ,  x 2  ,  n .  Let  k  be the smallest integer such that  x k  5  k  1  1 .  By condition (iv) ,
 such a  k  exists and 2  <  k  <  e  1  1 .  Now if  l  <  k , x l 2 1  .  l ,  so that
 S  l
 x l
 n
 x l 2 1
 D  , S  n
 x l
 l
 x l 2 1
 D .
 Thus we obtain
 a  , S 1
 1
 e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n  2  1
 x n 2 1
 e  1  1
 x e 1 1
 .  .  .
 .  .  .
 k  1  1
 x k 1 1
 n
 x k
 k
 x k 2 1
 .  .  .
 .  .  .
 3
 x 2
 2
 n
 D .
 Now if  k  ,  l  <  e  1  1 ,
 S  l
 x l
 n
 x k
 D  5 S  l
 x l
 n
 k  1  1
 D  , S  n
 k  1  1
 l
 x l
 D .
 Write
 x i 9  5 H x i  , x i 2 1  ,
 if  i  .  k ;
 if  i  <  k .
 Then
 a , S 1
 1
 e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n  2  1
 x n 2 1
 n
 k  1  1
 e  1  1
 x 9 e 1 1
 .  .  .
 .  .  .
 3
 x 9 3
 2
 n
 D
 , S 1
 1
 e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n
 x n 2 1
 n  2  1
 k  1  1
 e  1  1
 x 9 e 1 1
 .  .  .
 .  .  .
 3
 x 9 3
 2
 n
 D
 , S e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n
 x n 2 1
 n  2  1
 k  1  1
 1
 1
 e  1  1
 x 9 e 1 1
 .  .  .
 .  .  .
 3
 x 9 3
 2
 n
 D
 since ( 1 1
 a
 b )  ,  (  a b  1 1 ) if 1  ,  b  <  a .
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 Now
 S 1
 1
 e  1  1
 x 9 e 1 1
 D  , S e  1  1
 1
 1
 x 9 e 1 1
 D
 as  x 9 e 1 1  .  e  1  1 .  Also
 S n  2  1
 k  1  1
 e  1  1
 1
 D  , S  e  1  1
 k  1  1
 n  2  1
 1
 D ,
 as  k  1  1  <  e  1  1 ,  and
 S n  2  1
 1
 a
 b
 D  , S a
 b
 n  2  1
 1
 D
 if  a  ,  b  <  n  2  1 .  Hence , finally ,
 a  , S e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n  2  2
 x n 2 2
 n
 x n 2 1
 e  1  1
 k  1  1
 1
 x 9 e 1 1
 e
 x 9 e
 .  .  .
 .  .  .
 3
 x 9 3
 n  2  1
 1
 2
 n
 D
 , S e  1  2
 x e 1 2
 .  .  .
 .  .  .
 n  2  2
 x n 2 2
 n
 x n 2 1
 e  1  1
 k  1  1
 1
 x 9 e 1 1
 e
 x 9 e
 .  .  .
 .  .  .
 3
 x 9 3
 2
 1
 n  2  1
 n
 D .
 Now , arguing as in Step 3 of the proof of Theorem 3 . 1 , we have that  a  ,  k c 9 0  ,  .  .  .  ,  c 9 r  ,  n l ,
 where  c 9 r  ,  n  2  1 .  We can now apply Case 1 of the present proof to obtain the result .
 E X A M P L E .  Let
 a  5  k 1 ,  3 ,  6 ,  7 l  5 S 1  2  3  5  4  6  7
 1  3  2  6  5  4  7
 D
 and
 b  5  k 2 ,  3 ,  5 ,  7 l  5 S 1  2  3  4  5  6  7
 2  1  3  5  4  7  6
 D .
 Then (exc ,  den) a  5  (exc ,  den) b  5  (3 ,  11) .
 We shall indicate a proof that  a  ,  b  ,  assuming that the steps involving circuits on
 fewer than seven letters can be carried out .
 Put
 g  5 S 2  3  5  4  6
 3  2  6  5  4
 D .
 Then  e  5  exc  g  5  3 , d  5  den  g  5  8 .  Using the notation of the proof of Theorem 1 . 1 ,
 Case 3 , we have  d m  5  7 , d M  5  8 .  We wish to find a circuit
 d  5 S  5
 x 5
 6
 x 6
 4
 x 4
 3
 x 3
 2
 x 2
 D
 such that (exc ,  den) d  5  (3 ,  8) and the right-most three columns of  d  are exceedances .
 Since  e  ,  ( n  2  2) / 2 ,  we are in Case B . Now  s  0  5  2  4 and  τ  0  5  5  6  3 ,  so that
 d  0  5 S 5  6  4  3  2 2  4  5  6  3 D  .
 One can verify that (exc ,  den) d  0  5  (3 ,  7) .  Furthermore ,  s  1  5  4  2 and  τ  1  5  6  5  3 ,  so that
 d  1  5 S 5  6  4  3  2 4  2  6  5  3 D .
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 We have (exc ,  den) d  1  5  (3 ,  9) .  If we interchange the ‘2’ and the ‘4’ on the bottom row
 of  d  0  ,  we obtain
 d  5 S 5  6  4  3  2
 4  2  5  6  3
 D ,
 and (exc ,  den) d  5  (3 ,  8) as required . We know that  g  ,  d  as these are circuits on 5
 letters . Hence
 a  , S 1  5  6  4  3  2  7
 1  4  2  5  6  3  7
 D .
 Now we perform the required Han transformations on this latter circuit .
 S 1  5  6  4  3  2  7
 1  4  2  5  6  3  7
 D  , S 1  5  6  4  3  7  2
 1  4  2  5  6  3  7
 D
 , S 1  5  6  4  7  3  2
 1  4  2  5  3  6  7
 D
 , S 1  5  6  7  4  3  2
 1  4  2  3  5  6  7
 D
 , S 5  1  7  6  4  3  2
 4  1  2  3  5  6  7
 D
 , S 5  7  1  6  4  3  2
 4  2  1  3  5  6  7
 D
 , S 5  7  6  1  4  3  2
 4  2  3  1  5  6  7
 D
 , S 5  7  6  4  1  3  2
 4  2  3  1  5  6  7
 D
 , S 5  7  4  6  1  3  2
 4  2  3  1  5  6  7
 D
 , S 5  7  4  1  6  3  2
 4  2  3  5  1  6  7
 D
 , S 5  7  4  1  3  6  2
 4  2  3  5  6  1  7
 D
 , S 5  7  4  1  3  2  6
 4  2  3  5  6  1  7
 D  5  a 9 .
 Now let
 g  5 S 5  7  4  1  3  2
 4  2  3  5  6  1
 D .
 Let  g 9 be the circuit obtained by replacing the ‘7’ in the top row of  g  with ‘6’ . Then
 (exc ,  den) g 9  5  (2 ,  5) .
 Hence
 g 9  ,  k 2 ,  3 ,  5 ,  6 l
 5 S 1  2  3  4  5  6
 2  1  3  5  4  6
 D ,
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 and therefore
 g  , S 1  2  3  4  5  7
 2  1  3  5  4  6
 D
 and so
 a  , S 1  2  3  4  5  7  6
 2  1  3  5  4  6  7
 D
 5  b .
 5 .  F I N A L R E M A R K S
 Han [4] considered not merely permutations on a set but permutations on a so-called
 multiset ,  i . e . words with repetitions . Consider a multiset  }  and let  C  5  C ( } ) be the set
 of all circuits on  } . Then the functions ‘exc’ and ‘den’ , the Han transpositions  T r  and
 H-equivalence  ,  are defined on  C  in the same way as on  C ( n ) ,  and Han [4] proved
 that if  a  ,  b  ,  where  a  ,  b  P  C ,  then (exc ,  den) a  5  (exc ,  den) b .  However , the converse
 of this result , Theorem 1 . 1 , no longer holds in this case . For example , consider the
 circuits
 a  5 S 1  1  2  2
 1  2  1  2
 D  and  b  5 S 1  1  2  2
 2  1  2  1
 D .
 Then (exc ,  den) a  5  (exc ,  den) b  5  (1 ,  2) ,  but one can easily calculate that  a  /  b  .  Hence
 the pair ‘exc’ , ‘den’ do  not  form a complete set of invariants for the relationship of
 H-equivalence on  C .
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